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This are my notes of Licata’s course ‘Braid group actions on categories’,
for the seminar:Associators, Formality and Invariants at NU.

There are typos and probably some statements/proofs are not correct, I
take responsability for that. I appreciate the help of {&fik, from ECNU,
Shanghai.

0.1 Semisimple lie algebras.

Let I' be a finite graph without multiple edges ,— 4 and no loops, we
denote by I its vertex set, and by E its edge set.
In particular we will consider simply laced Dynkin diagrams:

o A, « * * *
o D, "
* * *
*
o Fg 4 * * * *
*
o [7 4 * * * * *
*



'Es* * * * * * *

*

To I' we associate the Weyl group:

$iSj = Sjsi, 1,] ¢ E,

2
W, =< si|si =1, I

5i5;8; = 5j8;8;, 1,j] € I <
For example, when I' = A; = %, then
Wr =<sls?=1>~ Z/27.
and when I' = A,,_4,

WFNSna

Question. For which T is [Wr| < co?!

Answer: Theorem [Coxeter| Wr is finite iff every connected component
of I is of the kind A, D or E.

Let Br the Artin Tier Braid group defined by the braid relations

0,05 =0j0;, i,j ¢ E,

< oy icl -

0,00, = 0;0;03, Z,j ek

Lets denote
m: Br — Wr.

Let B} be the monoid presented by {o;| braid relations }, we also have a
morphism of monoids
K : B; — B,.
It is not obvious that x is injective, as it turns out to be?, and we can
consider the so called positive braids x(B)) = By C B, . We have the
following diagram:

Tt is easy to see that it suffices to consider I' connected, as I' ~ T'; U T'y implies
WF >~ WF1 X Wp2.
2Proven by Deligne in ADE case, and by Palis in general (2005) .



Where p : Wr — By is a map of sets defined as follows:
Given w € W write it w = s;, - - - s;,, k small as possible, that is k = [(w)

minimal lenght, then p(w) =0y, -+ 0y,

0.1.1 Note:
p(1) =1, 1(1) = 0;
p(si) = i, I(si) =1,
1= SiS; C VV,

1=p(1) # p(sis1) =0 C Br

0.1.2 Examples:
o IfI'=A Wy, ~Z/2Z Ba, ~ Z.

e What distinguishes Br when I' = A, D, F form other cases? Conjec-
ture: Z(Br) #0iff T' = type A,D,E.?

o IfI'=A,_ 1, B4, , is topological in nature, it occurs as a mapping class
group:
Lets consider the disk with n market points (D, {y1, - .yn}).

Lets fix "nice” paths ¢; : y; — Yit1-

31t is known that Z(Br) = Z,T = A, D, E. In fact there is an element wy € Wr, p(wp) =
A€ Bft,Z(Br) = A2



Ba, , ~ MCG(D,{y1, - Yn},0D)
= { homomorphisms : D — D, which are id on 0D
and preserve the set{yi,--- ,y,}}/isotopy.

The isomorphism is given by: o; is sent to half Denh twist of ¢; clock-
wise, notice that this permutes the set {y;}. so given a curve d:

Yi ¢ Yi1

then we obtain:

Yi+1 Yi



Alternatively,
BAn—l = Wl(Pn; {y17 e 73/71})7 where

P, o= D" = Uigi{(21,- - an)|v = 25}/ S,

0.2 A representation of Wr

Let Vz = spanz{p;}ier, Vo = Vz x Q = spang{p; }icr. We'll define a map of
Wr on Vg (and V) as follows: For i € I, define ¢; : V; — Z by

—2ifi=j,
qi(pj): 1 lf’l,jGE,
0ifi,j ¢ E.
(Cartan Matrix).
We define a map p : Wr — End(V') by p(s;) =1 + pigi

0.2.1 Exercise

Check that p(s;)p(s;) = 1 (as expected since s;
representation of Wr. Compare with Note(0.1.1)

Theorem.The Representation p : W — GL(V') is faithful (p is injective).
How to construct a representation of Br?

Let VZ[t,tfl} = SpanZ[t,tfl](pi)ieI, VQ[t] = VZ[t,tfl] Qz[tt1) Q(t)

Define ¢; : Vgp4—1) — Z[t,t7'] by

2 = 1) and that p defines a

t+ttif (i = j)
qz(p]) =<q1if 1,] €FE,
0ifi,j ¢ E.
similarly, define
ploi) : Vi = V; by

p(o;) =1 —tpgi, plo; ') =1 —t " pig;.

t deformation from Vz to Vg .

It follows that p(o;)p(o; ') = 1.

This is the Reduced Brauer representation of Br, sadly, the reduced
Brauer representation is almost never faithful: For A, A, it is faithful, for
A,,n > 3 it is not faithful, and it is not know for As.
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length element
3 515281 = S25152,
2 5182,5251,
1 S1, 82,
0 1.

Table 1: Bruhat lenght on Wr.

How can one find a better situation to study Br? linear structure?

Lets try to find a faithful representation of Br in some other vector spaces,
Bigelew, Krammer and others provide such a vector space, which is infinite
dimensional unless I' is ADE.

We will try to find a representation of Br in a linear category related to
Brauer representation.

Problem: Compute the center of Br, is Br torsion free? (known in type

ADE)
Brauer representation of By, , is closely related to the appear of By, ,

as a MCG(X,,). Clarify
Up shot: Brauer representation is related to the topology of X,,. this!

Let’s calculate

' = A,
V. = spam{pi,pa},
Wa, = {e,s1,52,5152,5251, 515251},
S,

¢(31)(P1) = —DP1,
Y(s1)(p2) = p2+p1

We need the Bruhat lengh on Wr :

It has the following proprety: given w € Wr, if l[(w) = k then [(ws;) =
l(w)+1orl(ws) =Il(w) — 1.

Proposition: For all w € Wr,i € I,l(ws;) > Il(w) implies wp; > 0.
l(ws;) < l(w) implies wp; < 0.

Proof: Exercise.

Now let p=>_p; € U.

Corollary (Bjorner-Bruti):

{sile; < 0 with wp = Zcipi} = {si|l(ws;) < l(w)} := D(w) C {si}ier
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If u # e then up # p (as D(w) = 0.)

1 Second Day.

Categorical Braid Group Actions.

Let G be a group and C' a category, by a weak action of G on C' we mean:
geG—F, . C = C, for g,h € G: FiFy, ~ Fyy = 1d.

where ~ means that there is a natural transformation.

A genuine action require a little bit more, namely the commutativity up
to a natural transformation of:

F,F\Fy FyFy

)

FoFpy, Fong

1.1 Zig Zag Algebra Ar

Let I be a finite graph, and consider I' the double quiver of I'. That is
substitute any edge by 2 orlented edges in opposite directions.

AN
T

~ Let Path(I') denote the Path algebra of ', spanc{ finite lenght paths in
I'}. A path z is completely determined by specifying the vertex you travel
to, along z.

1.1.1 Example

C

(a|b|c|b|d) describes }Qb/\ d | while the constant path is (d) = eq, notice

that egeq = eq,* and that if there is at least one edge, then the algebra has

4Multiplication in Path is concatenation of paths: (a|b|c)(z|y) = (al|b|cly) if z = ¢ or
(alb|e)(x]y) = 0 otherwise.



infinite elements. -
Path lenght induces a grading on Path(T).
Definition:

e For I' = x, let Ar = Cz]/2?, deg x = 2.

o For I' = x — x, let Ar = Path(I')/{ all leght 3 paths}.

e For any other T, let Ar be a quotient of Path(I") by the 2 sided ideal
generated by:
(alblc) =0 if a # ¢,
(albla) = (alc|a) when b # ¢ are both connected to a.

Ar® is a finite dimentional graded C' algebra.
Facts about Ar :

e Ar is a symmetrical algebra.

e Ar is Koszul iff I" is not a finite type ADE.

1.1.2 Exercise: compute its graded dimension.

Let e; be the idempotent (lenght 0 path at i € I), e;e; = de; € Ar.

Set P, = Are; = spanc{ path which ended at i}, it is a graded left
Ar — mod and Q; = e;Ar = spanc{ path which starts at i}, it is a graded
right Ar — mod. From now on Vect denotes the category of graded C' vector
spaces.

One can associate to P; a functor

Fp :Vect — A—-TMods
V = PRcV
Fo,: A=TMods — Vect

From now on we are going to switch the internal degree of A, by 1, in
such a way that the idempotent e; has degree -1, e;e;11 has degree 0 etc.

5this skew version give us a formal neighborhod



Lets compute

C<—-1>aC<1l> 1=
QiP; =Q;®a. Pj=4C i,j €E
0 ij¢E
We denote by Com(Ar — mod) the homotopy category of complexes of Ap-
modules. Lets remember that Kom(A) has as Objects complex of Ar mod,
9;
-M;
0. This is an abelian category. Lets consider Null hom:= the set of hull

homotopic chain maps, and we define Com(Ar — mod) = Kom(A —T" —
mod) /(nullhom).

Example: , .— -0 0

M, Ha”l .where the boundary maps are homogeneous of degree

y:=0 0 0 0
x#y € Kom,x~y e Com.
Goal:we are going to construct an action in Com(Ar) of the braid group,
we need:

o, <I>.‘1| Q,P,0, = P,0,P;4,5€F
T o, ~ id
~ (I)Z‘q)i_l,

since we are working with groups we also need ®; to be equivalence of
categories.

How to proceed? to get functors F' : Com(Ar) — Com(Ar) we consider
complexes of (Ar, Ar)—bimodules.

Goal: for each i € I to define a complex of (Ap, Ar)—bimodules B} and
from them obtain a functor:

®, =B ® _: Com(Ar) — Com(Ar).

1.1.3 Examples of (Ar, Ar)— bimodules.

Ap itself, the corresponding fucntor Ar ® 4. - is naturally equivalent to the
Id, so we will refer to it as Id from now on.
P, ®¢ @) is another Ap — Ar bimod while Q; ®¢ P; € (C, C')— bimod.



Looking at the Brauer representation, We want to categorize o; = 1—1tp;q;,
and a general Yoga tell us that minus signs lead us to complexes, lets consider:

B, = {0 0 Ar PQ; <1>——0},

Bl = {0—=PQ; < —1> Ar 0 0}

¢ =B®_ 9 '=B®._

Notice that we will have a double grading, A < n > [m] means that the
elements of the algebra have degree n and as a complex, it is located at m.
Also, in the case of B;, B} both grading coincide.

Homap ap)(PQ; < —1 >, Ar) ~ C as by definition we have to construct
a map from Are; ®c ¢;Ar — Ar,z ® y — xy.

By adjuntion properties Homa, a)(Ar, BQ; <1 >) ~ C as well.

How to check that we satisfy the Braid relations?

We need to prove ® @4, 1 ~ Id.

1.1.4 Exercise

Let B be a (R-S)bimodule, and Fp = B® - : S — Mod — R — Maod.
f : B — B abimod map. Then f induces a natural transformation of
functors Ff : Fg — Fpy.

It suffices to check that

B; ® 4. Bl ~ Ar = Id = B! ®4, B; in the homotopic category of (Ar, Ar)
bimodules.

Similarly

B ®@ap Bj @ap. Bi ~ Bj®a. Bi®a, By, i,j € F (1)
B, ®4. B; ~ B;®ua.B;, i,j ¢ FE. (2)

which is due to Khovanov-Seidel, Rouquier Zimmermann, circa 2001.

1.2 Third day.

Theorem [Khovanov-Seidel, Rouquier Zimmermann, circa 2001.]

(1) and (2) hold, and
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Bi ®AF Bz/ ~ AF ~ Bz/ ®Ar BZ

This implies that the braid group Br acts on Com(Ar)—mods.
Sketch:

We will need an auxiliar result:

Proposition (Gauss elimination)

Uy f g
(uy gh k)?(ug; uy‘)/
Let —U——X®Y—X @Y ——=V—— and suppose that f : X —
X is an isomorphism, then this complex is isomorphic in the homotopy cat-
egory to:

Uy M9 iy

Now lets make some calculations:

BB, = (PQ;<—-1>— Ar)®u,. (Ar = PQ; <1 >)
= PQi<-1>—= F(Q:F)Q:®Ar — PQ; <1>
= PQ,<-1>>PC<1>aC<—-1>)Q;®Ar — PQ; <1>
= PQ,<-1>>PQ;<1>dPQ;<—-1>®Ar - PQ; <1>
= 0—>Ar—0

Where we used the previous proposition, it is important to check that
infact the corresponding maps are isomorphisms so that we can substitue
the complex for an homotopical one. In a similar way it is proven that
B!B; ~ Ar.

Now suppose i,j ¢ E,

BiB; = (PQ; < —1>= Ar) ®a, (PQ; < —1>— Ar)
(P(QiP)Q; < =2 >—= PQi < =1 > ®PQ; < =1 >— Ar)
= 0= PQi<—-1>6PQ;<—-1>— Ar)
— B;B;

and finally, lets suppose 7,5 € E :

BZBJBZ = (RQZ < —-1>— AF) ®AF (PJQ] < —-1>— AF) ®AF (BQZ < —1>— AF)
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Pi(QiF)Q; < —2 >

@

PQi<-1>

®

= (P(QiF))(Q;P)Qi < =3 >——=F(QiP)Q; < —2>—=PFQ; < -1>—Ar

52

Pi(Q;F)Qi < =2 >

PQ; < —2>

5]

PQ; < —1>

&

5]

PQ; < —1>

=PQi<-3>—=PQ; < -2>——DPQ; <-1>—=Ap

S
PQ; < -2 >
2]

PQi<-1>

52

PQ; < —-1>

=0—PFPQ; < 2>—PFPQ; < -1>—Ap

®

PJQ@ < =2>

52

PQ; < —1>

— B,B;B,.

1.2.1 Example

Let I' = %« — %« — % = Ajg, so we have P, P, P; € Com(Ar — Mod), and
we got the table:

®

o,

Py
Q0,9
Theorem

see (0.1.2).

P P P
P < =2>[-1] P<—-1>— P Py
Ph<-3>>P<-2>| P<—-1>][-]] P<—-1>> P
P, < —=3>[-1] P<-3>[-2 | PA<-2>>P<—-1>>P

. (Khovanov-Seidel) If T is type A then the braid group action
is faithful, that is ¢ ~ Id iff B~ 1€ By, .
To prove it, lets rememeber the action of B4, on Mapping Class Group
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1.2.2 Example:

Let ¢ be a curve in D with end points on the market points. Morally, to ¢
we assign P(c) € Com(Ar — Mod) as follows: We give an orientation to c¢
lines counter clockwise. And we assign projective mods to the intersection
with the vertical lines, under some rules an internal degree shift is assigned,
and this give us

=0—P <-1>—FP<0>—PFP <2>
® D

Py<—1> P,<0>
we obtain a map from
{ curves D with end points on marked points} — { complexes of Ar—Mod}

and notice that Br acts in both sets, the theorem is that this assignment
interwines the 2 actions. As a corollary, the KSRZ action is faithful in type
A,.

Proof:(Sketch) Let 8 € Br such that § acts as Id in KSRZ, so 5(P;) ~
P¥i. then (Purely topological argument):

B(c;) = ¢;, in MCG. So we are looking for brands 3 that take all ¢; to
itself, it turns out that g commutes with Dehn twist, but since they are
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generators this is equivalent to say that 3 is central, so it is a power of A%*,
but this acts by shifts so 8 = §° = 1.

Note: the decategorified action, is not faithful, that is, if we pass to
Grothendieck group, then we get the Burau representation which is not faith-
ful.

1.2.3 Conjecture:

The action of Br is faithful for all I'. So far we know that the action is faithful
for v ADE (Brav-Thomas).
Let By denote the positive braid monoid:

Br =< O'i’O'iO'j = 0,0; if Z,] ¢ E, 00,0 = 0;0;0;4 if ’l,j ek >.

There is (an injective) monoid morphism:

g; < B+
S; € WF

where e is a morphism of sets defined as follows: given w € W, write it
in reduced expression as a product of generators w = s;, ---s;,, [(w) = k is
sent to e(w) = oy, - -+ 0y, .

An important construction in Braid theory is the Garside normal form of
a positive braid 8 € By :

We say that ' is a right factor of g if g = 8”8 with I(8) = I(8") +
D), UB) = ming B = 01 -+ 03, .

Garside proved that any positive braid § € B™ has a unique longest right
factor of the form e(w),w € W. So once we have e(w;) the unique longuest
right factor of 8 in Im(e) we continue inductively to get the Garside normal
form 8 = e(wg)e(wg_1) - - - e(wy), in this case we define the Garside lenght of

B as GU() = k.
Remark: this is defined only for positive braids 3 € Bft.

1.2.4 Examples:
o Gl(o10901) =1 as 010907 € e(s15251).

o Gl(010909) = 2 as 010209 = (0102)(02)
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Goal: Given 8 € Bt we will try to read the Garside normal form of 3
from the action of 8 on Com(Ar —mod). From this will follow that the action
distinglish positive braids.

1.2.5 Linear complexes of projectives.

Lemma: Up to grading shift the only projective modules over Ar are {P;}ic;.
Definition: A complex of projective mod is a complex

M* = _>Mk_>Mk71_>

such that it is homotopic to a complex all of whose terms are direct sums of
P<k>.

A complex of projectives M* is linear if the part of homological degree
k : My is of the form @&F; < k >, that is, the homological degree and the
internal grading coincide®.

1.2.6 Example:
@1(P2):P2<0>—>P1<1>

is linear. On the other hand
(I)l(P1>:O—>P1<2>

is not linear.

More generally, we define T<¥ C Com(Ar) to consist of all complexes M*
such that M, ~ @P, <1 >l —s < k.7

Linear complexes from the topological point of view.

Take I' = Ay = % — *

® Garside lenght P P,

o1 1 0—>P<2> P—-P<1>

09 1 P—-PFP<1> 0> P <2>
010907 1 P, <3 > 12| P <3>3
0109 2 0— P 0P <2>>P<3>

6Given any complex of projectives, it is isomorphic to a minimal complex, that is, the
Gauss elimination reduces to a unique complex up to homotopy that doesnot depends on
the order of the reductions.

"We can think of the corresponding t- structure, Com(Ar) is triangulated and the
Kernel is given by linear complexes.
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What is the minimum & such that 3 - (®;P;) € T=F?

Theorem. 3 = e(wy)e(wy_1)---e(w;) € Bf has Garside lenght k, iff
B (@:P) € T=F but - (@:P) ¢ T=M".

And to determine 3 = e(wy)e(wg_1) - - - e(wy) the decomposition we need
to compute wy, it sufices to determine i € I such that: I(s;wy) < l(wy) € Wr.

1.2.7 Theorem
{i € Ili(siwy) < Wwg)y = {i € I|P, € T7"(B; @ P;)}

here P; € T=* means that P, < m + k > occurs in homological degree m in
a minimal complex for 5(®,Py).

By this theorem, after iteration eventurally we will have a linear complex,
and then we also have the corresponding coeficients.

1.2.8 Corollary

The action of the Braid group on Com(Ar — mod) distinguishes positive
braids. That is, if 81, 82 € Bf, 1(®F;) = o(®F,) iff B = .

1.2.9 Corollary

The map of monoids 8 — fBr is injective.
As we just checked that the map Bf — Br — End(Com—Ar) is injective,
so the factors are injective.

1.2.10 Proposition

Suppose I' is of finte type, ADE, then the action of Br on a set X is faithful
iff the restriction to By is faithful, that is the action distinguish positive
braids. Proof: We’ll show that any braid § € Br can be writen as 5,5, 8, €
B, B € (BE) ™

To see this, let A = e(wp), wy the longest element of Wr, then ®

e 0, 'A € B,

[ J AO'Z'A_I € Bff

8for example, for I' = A,,, A = e;(eze1)(ezeze1) - (€n_1€n_2- - - €2e1)
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. . _ €ip _Cig €
then in a decomposition 8 = o,'c,* -0, replace any appearance of

o ' by A'a,a € BT T and get a relation of the form f =o0;, --- A~ -0y,
and move all A™! to the right to obtain the desired decomposition.

1.2.11 Corollary

The action of fr on Com(Ar — mod) is faithful when I' is of type ADE.
Remark. The faithfulness result implies other such results for several
other categorial actions. Notably: Rouquiers action.
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